We calculate the Heegaard Floer homology groups HF (Y, s 0 ), HF + (Y, s 0 ) and HF ∞ (Y, s 0 ) for Y the product of a genus g surface with a circle and s 0 the torsion spin c structure. This has previously been calculated by Peter Ozsváth and Zoltán Szabó only for the cases of g = 0, 1, 2 (see [3, 5, 8] respectively).
Introduction
In a series of beautiful articles [3, 4, 5] Peter Ozsváth and Zoltán Szabó introduced a new invariant for 3-manifolds: the Heegaard Floer homology groups. Besides the three manifold Y itself, these groups depend on the choice of a spin c -structure s ∈ Spin c (Y ). Given a pair (Y, s), the Heegaard Floer homology groups come in several flavors HF (Y, s), HF ± (Y, s) and HF ∞ (Y, s), related to one another through algebraic properties. From this collection, the groups HF (Y, s) and HF + (Y, s) are of special interest here.
The Heegaard Floer homology groups have been calculated in numerous examples, among them some of the groups for a genus g surface Σ g times a circle. Recall that the set of spin cstructures on Σ g × S 1 is isomorphic to H 2 (Σ g × S 1 ; Z) ∼ = H 2 (Σ g ; Z) ⊕ H 1 (Σ g ; Z). Indeed, it is always the case that Spin c (Y ) forms an affine space over H 2 (Y ; Z); if there is no torsion in the latter group then Y supports a unique spin c structure s 0 with the property that c 1 (s 0 ) = 0, and s 0 serves as the origin in the identification Spin c (Y ) ∼ = H 2 (Y ; Z). In the case Y = Σ g × S 1 , it is easily seen from the adjunction inequality [4] that for any spin c -structure s which is not in H 2 (Σ g ; Z), the groups HF (Σ g × S 1 , s) and HF + (Σ g × S 1 , s) vanish. For ℓ ∈ Z, let s ℓ denote the unique spin c -structure in H 2 (Σ g ; Z) for which c 1 (s ℓ ), [Σ g ] = 2ℓ. The groups HF (Σ g × S 1 , s ℓ ) and HF + (Σ g × S 1 , s ℓ ) have been calculated by Ozsváth and Szabó in [7] for the case when ℓ = 0. The remaining case of s 0 has also been addressed by Ozsváth and Szabó when g=0, g=1, and g=2(in [3] , [5] , and [8] , respectively).
The goal of this article is to provide calculations which yield the groups HF (Σ g × S 1 , s 0 ) and HF + (Σ g × S 1 , s 0 ) for all genera g thereby completing the list of the Heegaard Floer homology groups HF and HF + of Σ g × S 1 .
For the statement of our main theorem below, recall that when s is a torsion spin cstructure, the Heegaard Floer homology groups come equipped with an absolute Q-grading. In the case of Σ g × S 1 this grading takes values in 1/2 + Z. In addition, the groups HF ± and HF ∞ carry a Z[U]-module structure, the action of U lowers the absolute grading by 2. With this understood, the main theorem of this article is Theorem 1.1. Let s 0 be the unique torsion spin c -structure on Σ g × S 1 . Then the Heegaard Floer homology groups HF (k− 1 2 ) (Σ g × S 1 ; s 0 ) in grading k − 1/2 with k ∈ Z are free Abelian groups whose ranks are given by
In particular, observe that the rank of
Our interest in the Floer homology of Σ g × S 1 derives in part from four-dimensional considerations. There are diffeomorphism invariants for smooth 4-manifolds coming from Heegaard Floer homology: see [5, 6] . Their definition involves the "TQFT" nature of the theory which associates maps F • W : HF • (Y 0 ) → HF • (Y 1 ) (with • being any of +, −, ∞, ) to any spin c cobordism W 4 from Y 0 to Y 1 ; these maps satisfy a natural composition law with respect to concatenation of cobordisms. Given this property, one hopes to obtain information about a 4-manifold X by decomposing it into "simple" cobordisms and understanding the contribution of each piece to the invariant of the whole. A setting to which this approach is particularly well suited is when X carries the structure of a Lefschetz fibration f : X → S 2or what is nearly equivalent, when X admits a symplectic structure [1] . Choose an increasing family of disks D 0 ⊂ D 1 ⊂ D 2 ⊂ · · · ⊂ D N ⊂ S 2 , maximal with respect to the property that int(D i ) contains exactly i critical values of f . Then the preimages
give a decomposition of X into a union of cobordisms, each of which contains only a single two handle attached along a vanishing cycle. The boundaries of each W i are fibered 3-manifolds, and in particular the boundaries of
It is our hope that the results of this article will find successful applications within this approach of studying 4-manifolds.
The article is organized as follows. In section 2, we explain in general terms how one can calculate the Heegaard Floer homology groups HF (Y, s) and HF + (Y, s) when s ∈ Spin c (Y ) is a torsion spin c -structure. These techniques are similar in spirit to those used in [2] (see also [7] ) for the non-torsion case where the interested reader can find additional details. The techniques from section 2 are then used in section 3 to prove theorem 1.1. In section 4 we address a conjecture of Ozsváth and Szabó from [8] which states that for a torsion spin c -structure s 0 , the Heegaard Floer homology HF ∞ (Y, s 0 ) can be calculated from purely homological data on Y . We find that the conjecture is true for Y = Σ g × S 1 for any genus g.
As the two calculations we are comparing are both nontrivial, the agreement of the results provides new evidence for the validity of the conjecture.
Acknowledgements We wish to thank Peter Ozsváth for numerous conversations and invaluable advice during the course of this work.
Heegaard Floer homology for torsion spin c -structures
Let Y be a 3-manifold and K ⊆ Y a nullhomologous knot in Y . We shall denote the 3manifold obtained by performing n-framed surgery on K by Y n = Y n (K). In this section we describe how to calculate the Heegaard Floer homology groups HF (Y 0 , s 0 ) and HF + (Y 0 , s 0 ) for a torsion spin c -structure s 0 ∈ Spin c (Y 0 ). The main tools we rely on are the surgery long exact sequence for the triple Y → Y 0 → Y n (with n > 0) and the relation of the Heegaard Floer homology of Y n to the knot Floer homology of (Y, K). We should remark that the technique outlined here can be seen as an elaboration on the comments in section 4.8 of [9] .
Let s ∈ Spin c (Y ) be a torsion spin c -structure on Y . Let W n be the standard cobordism from Y n to Y obtained by attaching a single two handle S to Y × [0, 1] along K with framing n. We will use t k to denote the spin c -structure on Y n which is cobordant to s on Y via the spin c -structure r k ∈ Spin c (W n ) uniquely determined by (1)
.
Assuming that HF (Y n , t 0 ) is free Abelian, we see that
which motivates the study of the map F :
The map F is induced by the cobordism W n and is a sum of homogeneous maps indexed by elements r k ∈ Spin c (W n ). Let F k denote the component of F corresponding to r k . Since s and t 0 are torsion, the groups HF (Y, s) and HF (Y n , t 0 ) are equipped with an absolute Q-grading. With respect to this grading, the degree of F k is given by
Notice that the smallest degree shift of F k occurs when k = 0 or k = 1.
Since there are only finitely many spin c -structures u ∈ Spin c (Y 0 ) for which HF (Y 0 , u) = 0, by choosing n large enough we may assume that HF (Y 0 , [s 0 ]) = HF (Y 0 , s 0 ) where s 0 denotes the spin c -structure (s, 0).
The other benefit of choosing n large is that we can ignore all of the maps F k with k = 0, 1. The reason for this is that both HF (Y n , t 0 ) and HF (Y, s) are finitely generated (and HF (Y n , s 0 ) doesn't depend on n once n has been chosen sufficiently large, see the next section) and so the degree shift (3) of F k grows too big for F k to be nonzero, unless k = 0, 1. With this understood, the map F simplifies to F = F 0 + F 1 .
To identify F 0 + F 1 we first need to recall how HF (Y n , t 0 ) can be calculated from the knot Floer homology of (Y, K).
2.1.1.
Calculating HF (Y n , t 0 ) from the knot Floer homology. As in the previous section, let r k ∈ Spin c (W n ) be the spin c -structure on W n which restricts to s on Y and with
with s m (x) as defined in section 2 of [7] . For each k ∈ Z we define a map
where C{max{i, j} = 0} denotes the entries [x, i, j] ∈ CF K ∞ (Y, K, s) whose coordinates (i, j) are subject to the stated condition. The maps Φ k are defined as follows:
As in the previous section, by taking n sufficiently large we can assume that Φ k = 0 for k = 0, 1. We define Φ = Φ 0 + Φ 1 .
With this notation in place we can state the following theorem, proved by Ozsváth and Szabó in [7] , see also [9] : Theorem 2.1. With the notation as above, the map
is an isomorphism for all n ≥ 2g − 1 where g is the genus of K.
Formula (5) shows that HF (Y n , t 0 ) is independent of n once n has been chosen sufficiently large, a fact that was alluded to in the previous section.
It was shown in [9] that the two diagrams below are commutative:
In the above, v + and h + are the maps induced by the quotient maps
and π v and π h are induced by the forgetful maps sending [x, 0, j] and [x, i, 0] to x. Putting the two diagrams together yields the commutative diagram
We summarize the result of this section in
2.2. The case of HF + . The method for calculating HF + (Y 0 , s 0 ) is very similar to that described in section 2.1 for HF (Y 0 , s). Nonetheless, there are some differences which need to be addressed.
The starting point is again the surgery long exact sequence for Y → Y 0 → Y n (with n > 0), this time for HF + : (8) .
In analogy with section 2.1, one can calculate HF + (Y 0 , s 0 ) as an Abelian group (and ignoring for now the Z[U]-module structure)
provided that HF + (Y n , t 0 ) is a free group. The latter group can once again be calculated from the knot Floer homology of (Y, K). One defines maps Φ + k : HF + (Y n , t 0 ) → H * (C{i ≥ 0 or j ≥ 0} (the analogous of the maps Φ k from (4)) as
The analogue of theorem 2.1 becomes Theorem 2.3. With the notation as above, the map
Unlike in the previous section, we cannot directly argue that F equals F 0 + F 1 (or that Φ + equals Φ + 0 + Φ + 1 ) since HF + (Y n , t 0 ) is not finitely generated as an Abelian group. However, the long exact sequence
Thus the entire HF + (Y n , t 0 ) is determined by the summands of HF + (k) (Y n , t 0 ) with k ≤ M n + 1. By choosing n sufficiently large we can assume that the restriction of F to
Such a choice of n yields for k ≥ M n + 1 the commutative diagram (see [9] )
The maps v + , h + , π v and π h are the maps appearing in section 2.1.
Proposition 2.4. In gradings k ≤ M n + 1, HF + (k) (Y 0 , s 0 ) is as an Abelian group isomorphic to the sum of the kernel and cokernel of F which can be calculated from the knot Floer homology of (Y, K) as
The main difficulty in the above approach is finding the maps B and B + . In the case when Y 0 is a surface times a circle, we will be able to determine these maps with the help of the action of H 1 (Y ; Z) on HF (Y, s) and HF + (Y, s).
The Heegaard Floer homology of Σ g × S 1
We are now ready to use the algorithm described in section 2 to calculate the Heegaard Floer homology groups of Σ g × S 1 .
Let Y = # 2g (S 1 × S 2 ) and let K be the nullhomologous knot in Y as indicated in figure 1 (which depicts the case g = 3). Notice that Y 0 = Σ g × S 1 . Let s ∈ Spin c (Y ) be the unique torsion spin c -structure on Y . 3.1. The case of HF . Recall that we set τ = (1 − n)/4 to make the absolute grading on Y n take values in τ + Z. The knot Floer homology of (Y, K) has been calculated in [7] (see also [2] ) and equals HF K(Y, K, j, s) ∼ = Λ g+j H 1 (Σ g ) for j = −g, ..., g and
with the absolute grading agreeing with the filtration level. The above is an isomorphism of H 1 (Y ) ⊗ Z[U]-modules where the action of H 1 (Y ) ∼ = H 1 (Σ g ) on the right-hand sides of (13) is given as
From (13) one easily obtains (using theorem 2.1) that for n sufficiently large:
From the surgery long-exact sequence (1) we immediately get
Since Y 0 admits an orientation reversing diffeomorphism we also get
. For this we again use the surgery long exact sequence (1):
Since HF (τ ) (Y n , t 0 ) is free we see that
To determine Ker(F ) from (7), we need to first find the map B : H * (C{j = 0}) → H * (C{i = 0}). Let {x 1 , y 1 , ..., x g , y g } be the standard symplectic basis of H 1 (Σ g ) (with x i ∧ y i , [Σ g ] = 1) and set ω = x 1 ∧ y 1 ∧ ... ∧ x g ∧ y g .
Lemma 3.1. The map B : H * (C{j = 0}) → H * (C{i = 0}) is given by
where ε is either 1 or −1. In the above, ι α means interior multiplication by P.D.(α) ∈ H 1 (Σ g ).
Proof. The proof uses the fact that B is degree preserving and equivariant with respect to the action of H 1 (Y ; Z) (as described by (14)).
Observe that in the top degrees, both groups H * (C{i = 0}) and H * (C{j = 0}) are isomorphic to Z. Thus B :
The formula for B now follows by induction on ℓ: Proof. We employ the surgery long exact sequence associated to the triple Y → Y n−1 → Y n (with n sufficiently large) and focus on the following portion of it:
Recall that F (y 1 ∧ .... ∧ y g ) = (1 + ε) y 1 ∧ ... ∧ y g . If ε were 1 then G ′ (y 1 ∧ ... ∧ y g ) would be a nontrivial 2-torsion element in HF (Y n−1 , t 0 ). Since there is no nontrivial 2-torsion in HF (Y n−1 , t 0 ) we conclude that ε = −1.
The preceding calculation of B has also been obtained in slightly different language in [9] .
Proof. Recall that via the identification above of HF (g) (Y n , t 0 ) ∼ = Λ g H 1 (Σ g ) and HF (g) (Y, s) ∼ = Λ g H 1 (Σ g ) the map F is given by F (x) = x + B(x) with B explicitly determined by lemma 3.1.
The symplectic basis {x 1 , y 1 , ..., x g , y g } of H 1 (Σ g ) induces a basis of Λ g H 1 (Σ g ). Among the latter basis elements there are exactly 2 g elements which do not contain a dual pair (i.e. which do not contain x i ∧ y i ) and 2g g − 2 g elements which contain at least one dual pair. This induces a splitting of Λ g H 1 (Σ g ) = A ⊕ B.
To prove the claim we shall prove by induction on g that B| A = −id. To emphasize the dependence on g we will write B g and ω g . Pick a basis element x = α 1 ∧ ... ∧ α g−1 ∧ x i ∈ A where the α j are chosen from {x 1 , y 1 , ..., x g , y g } − {x i , y i } and α 1 ∧ ... ∧ α g−1 contains no dual pair. Then
A similar argument shows that F of elements of the form α 1 ∧ ... ∧ α g−1 ∧ y i also yields zero. The completes the prove of claim 1.
It remains to determine the behaviour of F on B. For simplicity of notation let us write
.., g} − {i 1 , ..., i ℓ , j 1 , ..., j m }
We prove the claim in two steps. Assume first that m = 0, thus β = z i 1 ∧ ... ∧ z i ℓ . Without loss of generality we can also assume that z ip = x p ∧ y p . Then
This proves the claim when m = 0. If m > 0, we claim that
which reduces the general case to the case of m = 0. This latter formula is easily seen to be true by induction on m and is left to the reader. This completes the proof of the claim 2.
To complete the proof of the lemma, we now explicitly calculate the kernel of F | B . Observe that relation (18) establishes a duality between the indices {i 1 , ..., i ℓ } and {k 1 , ..., k ℓ } (for a fixed choice of {j 1 , ..., j m }) which is expressed through the formula
Since the rank of B is 2g g − 2 g , the kernel of F | B has rank 1 Theorem 3.4. The Heegaard Floer homology groups HF (k− 1 2 ) (Σ g × S 1 , s 0 ) are free Abelian for each k ∈ Z. Their ranks are given by
The case of HF + . Having calculated HF (Σ g × S 1 , s 0 ) in the previous section, we turn to HF + (Σ g × S 1 , s 0 ). The basis of the calculation is the formalism from section 2.2.
It is readily verified that for k ≥ g + 3/2 the map U : (9) and (12). The missing ingredient is the map B + .
Proof. Observe that B + when restricted to H * (C{j = 0}) has to equal B. Furthermore, B + is equivariant with respect to the H 1 (Y ; Z) ⊗ Z[U] action and preserves the absolute grading. Using these facts, we will prove the lemma by induction on the absolute grading
In the lowest two gradings, namely gr = −g and gr = −g+1, the two groups H * (C{j ≥ 0}) and H * (C{j = 0}) coincide and therefore B + is completely determined by B and conforms to formula (20) .
Assume that formula (20) has been verified up to grading gr = m and consider an element
In its most general form, B + of such an element looks like
By acting on both sides with U k−g−ℓ (which propels α 1 ∧ ... ∧ α k ⊗ U ℓ into H * (C{j = 0})) we see that the term with a = 2g − k of the right-hand side of (21) must equal
So we can rewrite (21) as
It remains to show that β is in fact zero. To see this, write β as
The β x i and β y i are determined as follows: Let x 1 ∧ β x 1 be the collection of all terms of β which contain x 1 . Then y 1 ∧ β y 1 is the collection of all terms of β containing y 1 which didn't appear in x 1 ∧ β x 1 , etc.
Act by y 1 on the first line in (22) . Then on the one hand, by the induction hypothesis, we have:
and on the other hand from (22) we get
Comparing these two we infer that β x 1 = 0. Repeating the above process for x 1 , y 2 , x 2 , ..., x g we see that β = 0. This concludes the proof of the lemma.
The preceding lemma has also independently been proved by Ozsváth and Szabó in [9] , see lemma 5.3. The next theorem comprises the HF + portion of theorem 1.1.
The above statement follows from the next two lemmas. Lemma 3.7. Consider the surgery long exact sequence (8) and let f k be the restriction of F to HF + (k) (Y, s 0 ). Assume that the actions U : HF + (ℓ) (Y, s) → HF + (ℓ−2) (Y, s) and U : Ker(f k ) → Ker(f k−2 ) are surjective in each degree ℓ ≤ g + 2 and k ≤ g + 1 + τ . Then the U-action on HF + (m) (Y 0 , s 0 ) is also surjective for each m ≤ g + 3/2. Proof. Consider the following commutative diagram with exact rows:
where g ℓ is the restriction of the map G from (8) to HF + (ℓ) (Y, s 0 ). Since by assumption U : HF + (ℓ) (Y, s 0 ) → HF + (ℓ−2) (Y, s 0 ) is surjective for ℓ ≤ g + 2, it is easy to see from the above diagram that U : Im(g ℓ ) → Im(g ℓ−2 ) is also surjective for ℓ ≤ g + 2.
The surjectivity of the U-action on HF + (Y 0 , s 0 ) now follows from the commutative diagram below with the help of the five lemma and the fact that the outer two vertical maps Proof. In order to distinguish between the Λ i for various g, for the remainder of this proof we write Λ i g to denote Λ i H 1 (Σ g ). We can then decompose z ∧ Λ i+1 g+1 as
The image of d 3 on the middle summand is disjoint from the images of d 3 on the outer two summands since it lies in x g+1 , y g+1 ∧ Λ i−3 g . Thus the middle summand contributes 2d g,i−1 to d g+1,i .
On the other hand, for α ∈ Λ i g and β ∈ Λ i−2 g we get
The right-hand side of the above is zero only when
→ Λ i−4 g ) Let us introduce the notation z i = x i ∧ y i . To prove the claim, write β as
so that the α's don't contain any dual pairs. Then one can explicitly calculated d 3 (z ∧ β). Observe first that d 3 (z ∧ β) = 0 if ℓ = 0. Thus assume that ℓ ≥ 1. Then we get
It is now easily seen that
This completes the proof of the claim.
From this discussion we conclude that d g+1,i =2d g,i−1 + dim Z 2 Ker(d 3 : z ∧ Λ i g → Λ i−2 g ) + dim Z 2 Im(d 3 : z ∧ Λ i g → Λ i−2 g ) =2d g,i−1 + 2g i Let r g,i = dim Z 2 H i (Λ * H 1 (Y ), d 3 ). Using the recursive relation for d g+1,i from lemma 4.1 we find r g+1,i = 2 r g,i−1 + 2g
By repeatedly using the formula n r = n−1 r + n−1 r−1 the above simplifies to (32) r g,i = 2 r g−1,i−1 + 2g − 1 i − 1
We contend ourselves here with only finding the total rank of H * (Λ * H 1 (Y ), d 3 ) in any given degree, that is we shall calculate the numbers σ g = 2g i=0 r g,i . As can be seen from (32) we have σ g = 2σ g−1 + 2 2g−1 which together with σ 0 = 2 leads to σ g = 2 2g + 2 g . This means that in each degree, the rank of HF ∞ (Σ g × S 1 , s 0 ; Z 2 ) is equal to 2 2g−1 + 2 g−1 which agrees with the result from corollary 1.2. This calculation verifies (if only mod 2) the Ozsváth -Szabó conjecture for an infinite family of examples.
